Continued fractions from Euclid to the present day
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1 Prologue

It may appear surprising that the following books have an important common theme:

G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, Clarendon Press, Oxford, 1979.
e D.H. Fowler, The Mathematics of Plato’s Academy: a New Reconstruction, Clarendon Press, Oxford 1990.

e D.E. Knuth, The Art of Computer Programming, Vol. 2, Addison—Wesley 1981.

P. Billingsley, Ergodic Theory and Information, Wiley, New York 1965.

Indeed, each of these books presents an excellent introduction to the theory of continued fractions. Of
course, the points of view are different, and it is the goal of this paper to indicate how continued fractions

are relevant to

Number theory.

Ancient Greek mathematics.

Analysis of algorithms.

Probability theory.

This should provide the prerequisites for the final section in which I give an outline of how a powerful
contemporary method, the theory of modular forms, can be used to analyse the performance of the Euclidean

algorithm as first described by Euclid himself.

Acknowledgement. I would like to thank Philippe Flajolet for his help in writing this paper.

2 Examples
Continued fractions are a generalization of compound fractions like % = 1%. For example,
14 13 1—&-71 1+1 1—&-71 1+ ! 1—&-71
11 11 11/3 33 3+3/72 3+1T 34 :
2 1+5

(if you're clever, you can actually do one more step). This works for every rational number p/q which can

be written in the form
1

P _ gt
a2+



where aq,...,a, are positive integers. For ease of notation this is usually written as % = [ag,a1,...,a.].

This works just as well for real numbers, for example,

1 1
7r=3+.141592653...:3+7+.062513305”.:3—|—7+ i
15 4 .99659440. . .
=3+ 11 =3+ 11
7+ T 7+ T
5+ 1+ .003417231. .. 15+ 1 1

+ 292 + .63459088 . ..

but only terminates for rational numbers. In general, every real number = has an expansion

€T = [ao(a:),al(:z:),ag(:z:), i ]
It is interesting to experiment with different numbers and find patterns:

VT=1[2,1,1,1,4,1,1,1,4,1,1,1,4,1,1,1,4,1,1,1,4,1,1,1,4, .. ],
e=1[21,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,1,14,1,1,16, .. ],
™ =1[3,7,15,1,292,1,1,1,2,1,3,1,14,2,1,1,2,2,2,2,1,84, .. ] .

The patterns seen in these expansions answer the often asked question as to why people compute lots of
digits of 7, and not of v/2 or e-they already have a known continued fraction expansion. Thus, one can
argue that continued fraction records are more natural. Even though more than a billion base 10 digits of 7
are known, the record for continued fraction digits is still 17 million as computed by R.W. Gosper in 1985.
This computation is equivalent to computing about 18 million base 10 digits, as will be seen below.

The most important property of the continued fraction expansion is that the rational number you get from
taking an initial segment of the expansion, usually called a convergent, gives a record breaking approximations
to your number. In other words, if z = [ag, a1, as,...,an, Gpt1,- . .|, then the nth convergent 23 = [ag,y ..., an]
and will be closer to x than any z—: for ¢’ < q.

This property is especially interesting for approximations to square roots of integers. Thus, the conver-
gents p/q to VD are exactly the solutions of Pell’s equation p?> — Dg? = 1. It seems that this equation might
first have appeared in Archimedes’ Cattle Problem see [85].

Exercise. Characterize all the record breaking approximations to a real number. In particular, do they all
come from cutting off a continued fraction expansion?

As an example of the above process, [3,7] = 2—72 gives the best approximation to 7 with denominator less
than or equal to 7. Moreover, cutting off the expansion just before a large digit gives an especially good

approximation. So to get a very good approximation to m, take the digits before the 292 and rationalize

355
15,1] = — = 3.14159292.. ..
[3,7,15,1] = 75 = 31415929
is a good approximation to m = 3.141592653 . ... It will be seen below that in fact, the increase in accuracy

is in fact proportional to the next coefficient.

10 1
Exercise. Archimedes [2] proved the bounds 3 + -1 <m <3+ 7 What does this say about the continued

fraction expansion of 77



3 Culture

Continued fractions have fascinated mankind for centuries if not millennia. The timeless construction of a
rectangle obeying the “divine proportion” (the term is in fact from the Renaissance) and the “self-similarity”
properties that go along with it are nothing but geometric counterparts of the continued fraction expansion

of the golden ratio,
1+v5 1

2 T
L=

1+

¢

14
Geometry in India developed from the rules for the construction of altars. The Sulva Satra (a part of the
Kalpa Sttra hypothesized to have been written around 800 BC) provides a rule? for doubling an area that
corresponds to the near-equality:

1 1 1
1 214+ = _
(1) V2 +3+3><4 3x4x34

Note that the third and fourth partial sums in (1), namely % and

(correct to 2 x 1079).

577

708 are respectively the fourth and eighth

convergents to \/§

Accordingly, in the classical Greek world, there is evidence of knowledge of the continued fraction for v/2
which appears in the works of Theon of Smyrna (discussed in Fowler’s reconstruction [29] and in [86]) and
possibly of Plato in Theaetetus, see [8].

Such concerns are still relevant to modern man. In particular, the French printout of this paper uses the
paper size A4, which was recently chosen due to its self-similar properties. In particular, it has approximately
the same proportion when folded in half. By definition, the dimensions of A4 paper are length = 29.7
centimeters and width = 21 centimeters. The proportion is a convergent to v/2 since

29.7 99 . B
W7%7[1,2,2,2,2,2], while v2=1[1,2,2,...].
(Note that (1 ++/2)% =99 +70+/2.) Moreover, 16 (.21 x .297) = .99792, so that there are almost exactly 16

sheets of A4 paper in a square meter.

Perhaps the most important application of continued fractions is to the theory of calendars. Thus, in
the western calendar, the years keep track of the seasons, but months serve absolutely no purpose (in fact,
as has been noted by fans of the National Football League, it is much more useful to keep track of weeks).
Thus, March will be Spring in the Northern hemisphere, but knowing that it is March 15 does not provide
any extra information.

On the other hand, the Islamic calendar is a purely lunar calendar, i.e., dates of the month correspond
to phases of the moon, but since the year has 354 days, this calendar does not keep track of seasons. Thus,
there is a full moon on the 15th of Ramadan, but it is not clear what season it is unless the year is specified.

To be a true representation of nature, a calendar which uses years and months should keep track of
seasons and phases of the moon. In order to do this, one looks at the fraction 365.24/29.53, the ratio of the
solar year to the lunar month. The continued fraction expansion is

365.24

29.53

2“Increase the measure by its third part, and this third part by its own fourth, less the thirty-fourth part of that fourth”.
See vol. I of Dutt’s book [23, p. 272] for context including otherwise rational approximations to 4/m/4.

=[12,2,1,2,2,155].




Cutting this off before the very large digit 155 gives [12,2,1,2,2] = % =12 % This says that there are
almost exactly 235 lunar months in 19 years. The corresponding Metonic cycle of 7 leap months every 19
years is therefore best way to keep a lunar and solar calendar (the western calendar is purely solar). This
method is used in the Jewish calendar with the extra month being Adar II, see [18]. Thus, the 15th of Nissan

(=Passover) always occurs in Spring and during the full moon.

4 FEuclid

It is clear that the process involved in obtaining the continued fraction expansion of the rational number p/q
is simply the Euclidean algorithm to find the greatest common divisor of the two integers p and ¢. From this
point of view, one can consider the continued fraction expansion to be a record of a Euclidean algorithm. In
general, one can expect continued fraction coefficients whenever a Euclidean algorithm is used.

The Euclidean algorithm to compute GCD (p, q), the greatest common divisor of two numbers, can be

given by the following recursion
GCD (p,q) = GCD (pmodq,q),  GCD (p,q) = GCD (g, p).

One can therefore expect that a function F(p,q) satisfying

F(p,q) = F(pmodg,q), F(p,q) = G(p,q, F(q,p)),

where G is a simple expression, should be expressible in terms of continued fractions.
For example, the Lagrange symbol (%), which essentially expresses whether d is a perfect square modulo

¢ can be evaluated using the Euclidean reduction

(€)= (222). @)-cvmen (2).

where ¢, d are odd (the second identity is quadratic reciprocity). In fact, it was shown by Rademacher [63]
that

d i d

() = (—1)BramdreR(=D%a)/4 * where — = [0,a4,...,a,],

c c

and 0 < a,d < ¢, ad = 1 (modc) (note that d~! mod ¢ can be computed using the Euclidean algorithm), and
c and r are odd.

Remark. The identity n +1 =n + % implies that [ag,...,a,] = [ag,...,an — 1,1] if a,, > 1. Tt follows
that every expansion can be made to have even or odd length, and alternatively, one can always force an

expansion to end with a one or with a number greater than one.

Reciprocally, continued fractions have applications to the Euclidean algorithm. Thus, the length of the
continued fraction expansion of p/q is the number of division steps in the Euclidean algorithm applied to
p,q. The statistical theory of continued fractions, as will be seen below, will solve the problem of analyzing
the (average and typical) running time of the Euclidean algorithm. This explains why a large section of
Knuth’s “Art of Computer Programming” is devoted to continued fractions. It provides a complete analysis
of the running time of the earliest recorded non trivial algorithm. Another excellent survey of the historical

aspects of the analysis of the Euclidean algorithm has been given by G. Shallit [76].

It is instructive to actually look up Euclid’s description of his algorithm. This is best illustrated by
Proposition I of Book VII:
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Avo Gptbusy So0évtwy un TeOTeY TPog GAAAAOUS TO UEYLGTOV adT&BY XOLVOV UETpov eDpELY.
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"Eotwoay ol dobBévteg dbo dptbuol un mpdtol mpog dAAihous ol AB, T'A. det &7 t&v AB, 'A
0 UEYLOTOV %OLVOV UETEOV EDPETY.

Ei uév obv 6 I'A tov AB petpel, yetpel 8¢ xal €autdy, 0 I'A doa t@v I'A, AB xowov uétpov
gotiv. xol govepdy, 6T xal uéytotov oVdele yap uellwy o0 I'A tov I'A yetprioet.

Ei 3¢ 00 yetpel 6 'A tov AB, t&v AB, I'A dvBugorpouuévov detl to0 éhdocovog dnd tol
uetlovog hewprioetal tig dpthude, 6¢ UetprioeL TOV Tpd EquTol. UoVAS UEV Ydp oU Aetgbroetar el d¢
ut, Eoovtar ol AB, I'A np&tol mpog dAAoug: drep ody Omdxeltar. Aetgbfioetal Tig dpa dptbude,
O¢ uetpriovt Tov Tpo Eautol. xol 6 uev I'A tov BE yetp@v Aetnétw €outod éNdocova tov EA, 6
o¢ EA tov AZ petpty Aewnétw éavtol éhdocova tov ZI1, 6 3¢ I'Z tov AE yetpelto. énet olv 6 I'Z
tov AE yetpet, 6 3¢ AE tov AZ yetpet, xal 6 I'Z dpo 1ov AZ yetpfioet yetpel 3¢ xol Equtov: xal
ohov pa tov I'A uetprioel. 6 d¢ I'A tov BE uetpel xat 0 I'Z dpo tov BE yetpel uetpel 8¢ xal
wov EA- xal 8hov dpa tov BA uetphioel: yetpet d¢ xal tov A 6 I'Zdpa tovc AB, I'A petpel. 6
I'Z 8po v AB, I'A xowvov pétpov €otiv. Aéyw 87, &tL xal uéyiotov. el yap uh éoty 6 I'Z @y
AB, T A yéyiotov xowov yétpov, yetprioel tig toug AB, I'A dptbuoie dpibuoc peillwy dv 1ol I'Z.
petpeitw, xol éotw 6 H. xal énel 0 H tov I'A petpel, 6 8¢ I'A tov BE petpel, xal 6 H dpa tov BE
petpel- uetpel 8¢ xal Shov tov BA- xal hownov 8pa t1ov AE uetprioet. 6 d¢ AE tov AZ uetpel xal
6 H 8po tov AZ yetprioer yetpel de xat 6hov tov AL xal hownov po tov I'Z yetprioer O yellov
oV éNdocova émep €oTly aduvatov: olx dpa tobc AB, T'A dptBuote dptbude T uetprioet pellwv

v 100 I'Z- 6 T'Z 8pa tév AB, T'A yéylotév Eott xowvov uétpov [dmep €det detlo].



BOOK VII

Proposition 2

Given two numbers not prime to one another, to find their greatest common measure.

A~
E+ C
F

E
Bl D

Let AB, CD be the two given numbers not prime to one another. Thus it is required to find
the greatest common measure of AB, CD.

If now C'D measures AB—and it also measures itself~C'D is a common measure of CD, AB.
And it is manifest that it is also the greatest; for no greater number than C'D will measure C'D.

But, if CD does not measure AB, then, the less of the numbers AB, C'D being continually
subtracted from the greater, some number will be left which will measure the one before it. For
an unit will not be left; otherwise AB, C'D will be prime to one another [VII. I, which is contrary
to the hypothesis. Therefore some number will be left which will measure the one before it. Now
let CD, measuring BE, leave EA less than itself, let EA, measuring DF, leave F'C less than
itself, and let C'F' measure AFE. Since then, CF measures AF, and AFE measures DF, therefore
CF will also measure DF. But it also measures itself; therefore it will also measure the whole
CD. But CD measures BE. But is also measures E'A; therefore it will also measure the whole
BA. But it also measures CD; therefore CF measures AB, C'D. Therefore CF is a common
measure of AB, CD. 1 say next that it is also the greatest. For, if C'F' is not the greatest
common measure of AB, C' D, some number which is greater than C'F' will measure the numbers
AB, CD. Let such a number measure them, and let if be G. Now, since G measures C'D, while
CD measures BE, G also measures BE. But is also measures the whole BA; therefore it will
also measure the remainder AE. But AE measures DF'; therefore G will also measure DF'. But
it also measures the whole DC; therefore it will also measure the remainder C'F, that is, the
greater will measure the less: which is impossible. Therefore no number which is greater than
CF will measure the numbers AB, CD; therefore C'F is the greatest common measure of AB,
CD. Q. E. D.



The original text is essential for a correct analysis, since modern assumptions are inevitable in the
translated text (though Heath’s translation used here [27, Vol. 2] is quite faithful). Moreover, the Greek
text is difficult to find in the United States, for example, the definitive edition [26] is in Greek only and the
French dual language edition [25, Vol. 2] is out of print.

Two aspects of Euclid’s argument are striking: (a) He only goes through three iterations and yet states
that this is a general proof, (b) To denote the Euclidean algorithm, he uses the (nowhere defined) term

dvOhugopovuévoy = “anthuphairoumenon”, best translated as “continued alternating subtraction” [8, p. 111].

In fact, (a) is typical of ancient Greek mathematics in that they did not have the modern concept “...”
and thus, not unlike modern undergraduates, they wrote mathematical induction arguments only the number
of steps required to explain all the necessary ideas (thus Euclid’s proof of the infinity of primes only shows

that given 3 primes, there is a 4th prime unequal to them).

(b) is much more obscure and in fact, is the main subject of the interesting book of David Fowler [29].
Fowler’s thesis is that ancient Greeks from the time of Plato were used to dealing with continued fractions
and that they played a central role in their arithmetic. Whether one agrees with this or not, it is a fact that
FEuclid does not attempt to define “repeated alternating subtraction,” i.e., the Euclidean algorithm, whereas
he is usually very careful about not having undefined terms. This indicates a great familiarity with this

procedure.

X'—1 X—-1\ X6 1
Exercise. Show that GCD (X T %1 ) = ]

5 Matrices

Consider a matrix (z 2) with integer entries and of determinant one. Then

) G- G C)-Cl )

is simply the Euclidean algorithm performed on b,d and a, c. For example,

G G GD 6D 6D GG

corresponds to the Euclidean algorithm performed on 14 and 11. Letting

<1 1) <1 0)
U= 5 L= )
0 1 1 1

then every matrix A of determinant one with non negative integer coeflicients will have a unique factorization

[y

A=U*L* ..U corresponding to a continued fraction expansion. In the case whenb >a > 0,d > ¢ > 0,

a b

then the above process gives

c d
where b/d = [ag, a1, ..., a.] (so r is even). The above example was
9 14 ,
=UL’ULU .
7 11



In order to see why this is, note that under the above assumptions, a — pc > 0 if and only if b — pd > 0, and
¢ —qa > 0 if and only if d — ¢gb > 0.

Exercise. Show that if b,d > 0 are relatively prime, then there is a unique matrix (Z s) with determinant

one and b > a > 0, d > ¢ > 0. Explain why in this case, r must be even in the corresponding matrix

factorization.
Exercise. If p,,/q,, = [ao, ..., ay], then
uewres ...yt = <pr1 pr> , ifriseven, U®L*...L% = <pr pTl) , if ris odd.
qr—1 qr dr 4r—1

This has immediate applications. For example, one can now explain what happens when one reverses con-

tinued fraction coefficients. More precisely, one can find the fraction [0, a,,...,a1] given % =[0,a1,...,a,].

First, assume that r is even. Then, by the above, one has

a b
()i
c d

where ad —bc =1 and 0 < a,b < d. It follows that the transpose is

a ¢
< > = [orJor—1...[J% ,
b d

and so [0, ay,...,a1] = §. Since ad — bc = 1 and 0 < ¢ < d, it follows that the reverse continued fraction of
b/dis (—b~! modd)/d.
Exercise. Show that if r is odd, then the reverse continued fraction of b/d, 0 < b < d is (b=! mod d)/d.

These properties were used by H.J. Smith in 1855 [77] to give a new proof of Fermat’s theorem that every

prime of the form 4k + 1 is a sum of two squares. The exposition follows van de Poorten [62]: First, consider

the set
5 {2(1)—1)/2} 7
b p

and for each member, write its continued fraction expansion such that its last digit is > 2. It follows that the
map reversing the digits preserves this set. Since p = 1 (mod4), the set S has an odd number of elements,
and since inversion is an involution (its square is the identity) there must be a fixed point, say x/p.

Now, if the continued fraction expansion of x/p had even length (i.e., 7 odd), then = =1 (mod p), and
so x = £1 (mod p), which is not possible, as neither 1/p nor (p —1)/p belongs to S. It follows that r is even,
and by the above, 22 = —1 (mod p).

Now write £ = [0,a1,. .., Gm,&m, .. .,a1] and consider the matrix M of determinant one
p b b b b b )

o
M:( )zLalU‘“---(UorL)am,

u v

Then the matrix corresponding to x/p is the product M M? so that

O e A | ) R G



and u? 4+ v2 = p. Smith did not realize that this gives an efficient algorithm for computing u,v. However,
D.E. Knuth has remarked that this appears in an 1848 paper of Serret and Hermite [75] [50, p. 579]. One
therefore gets the following algorithm (generalized by Cornachia in 1906 [9, p. 34]):

Algorithm for computing p = u? + v2:
(a) Find an x < p/2 such that 22 = —1 (mod p).

(b) Perform the Euclidean algorithm on (x,p) until a remainder is < ,/p, then do one more step. The last

two remainders are v and v.

Remark. In practice, one can compute part (a) quickly by finding a non-residue modulo p. Thus, if y is
a non-residue, then by Euler’s theorem y®~1/2 = —1 (mod p), and so z = yP~1/% (mod p) will have the
required property. Note that exponentiation modulo p can be done efficiently using repeated squaring.

In theory, one can compute part (a) in polynomial time by using an algorithm of Schoof [70]. In fact,
for any fixed a, computing the square root of @ mod p can done in polynomial time, by computing the
number of points on a corresponding elliptic curve, the number of points on an elliptic curve modulo p being

polynomial, by Schoof’s algorithm.

6 The non Euclidean algorithm

Another possible way to expand as a continued fraction is to consider to take the continued fraction by

“excess” J
1
- = bO - 1 P
c
by — T
by —

b3 -
as was considered by D. Zagier [91], D.E. Knuth [49], and by Kirby and Melvin [47]. For example

14_2 1
11 1

Note that there are a lot of 2’s.

) (these
0

are the standard generators for SL(2,Z), e.g., see [74]). The relation with the other matrix factorization is

This algorithm also corresponds to a matrix factorization, but instead of L use S = (

that L = USU. So to generate the matrix factorization in terms of U and S, find the continued fraction

digits of % = [ag, a1, . ..] and write as (‘Cl Z) = U [% ... as above and replace L with USU. For example

9 14 3 2 2 2 3 2
-y ) =ULULU = UUSU)(USU)(USU)U(USU)U = U*SUSUSUSU?

The presence of many 2’s can now be explained: The number of 2’s in this expansion essentially corresponds

to the sum of the odd continued fraction coefficients of b/d.

10



7 Linear fractional transformations

It is well known that there is a correspondence between matrices (‘Cl 2) and forms ‘;{fis This is a group action
in the sense that if (¢]) z = 2 then (AB)z = A(B(z)) for any two matrices A, B of determinant one. It
follows that the above matrix decomposition leads to a continued fraction expansion for f;fidb
9z + 14 14 1
- 1
Tx 411 30 .
1+ —
14
1+
And the continued fraction for 14/11 is recovered by letting = 0. This correspondence is seen by the fact
that
1 p 1 0 1
rT=p+ux, rT=—7-"
0 1 q 1 g+ -
x
It follows that the expansion [ag,...,a,] corresponds to (Z 2) =U® ... and so
ar+b 1 ax+b 1
d:a0+ T , T even, x—|—d:a0+ T , 7 odd.
cr + ag + aq +
as + T as + .
1 1
_'_7
ay +x ar + —
x

An immediate application is the remark about rational approximations of continued fractions. If 0 < z < 1
is a real number, then finding the first n continued fraction digits of z computes x = [0, ay, ..., a, +y], where
0 < y < 1. This returns the fraction

gz [O,al,...,ar].

By the above remarks (assume r is even) the form [0,a4,...,a, + y] corresponds to
/ /
p/y —|—p’ where det (p/ p) =1.
qy+q q (g
So .
p _Py+p p_y

¢ dy+qa qa (@y+aq
In particular, the difference is < 1/¢? which is a good approximation, since a rational number p/q will only
be guaranteed to approximate within 1/q. Furthermore, writing

1
ar+1+ Y

gives that the difference is less than )

Ar41 q2

which explains why cutting off the expansion before a large coefficient yields a good approximation.

This also allows one to prove a theorem due to Galois: If o > 0 has a purely periodic continued fraction
expansion, then it is a root of a quadratic polynomial whose other root is —1/3, where § > 0 also has a

purely periodic expansion whose period is the reverse of the period of «.

11



Galois proved this when he was still in high school (interestingly, like Euclid, his proof consists of giving
an example with 4 terms). The previous techniques now yield a simple proof: First, assume that o =
[@o, a1, -, ar], where the overline means it is periodic, and ag > 0, r odd. By the above, this implies
that Ac = «, where A = U* L% ... L%, Now consider the other root Ay = v, where v = —1/8. Since
SB = —1/8, it follows that AS3 = S3, so that S~1AS3 = 3. But a simple computation shows that

= ()G )6 o)

so that A*3 = 3. As before, A! corresponds to the reverse continued fraction and thus 8 = [a,, ..., ag)-
The result follows similarly if ag = 0 and r is even, but here one must define a purely periodic continued

fraction to mean [0,a7,..-,a,|. The other cases are left as an exercise.

One can use these same ideas to characterize the continued fraction expansion of v D, namely

\/5: [L\/Bj,ao,al,...,al,aoﬂ L\/BJ],

where ag, a1, ...,a1,aq is a palindrome. Note that this essentially says that the continued fraction is purely
periodic with period |v/D],aq,...,aq, |V D], where the ends are straddling each other.

The solution of Pell’s equation a® — b>D = 1 will be assumed, and this will illustrate the equivalence
of the solution with b/d being a convergent to VD. Thus, let « = v/D and a? — b2D = 1, where a,b > 0.
If A= (“ bD), then A has determinant one, and Ao = a. Since bD > a, a > b, one has the factorization

ba
A=U*L%...U% where a, > 0. This means that

VD = [ao,al,...,ar+\/5].
As before, it follows that A*3 = 3, where 3 = 1/\@7 so that

1
ﬁ = [O,Clr,ar,]_,...7a0 +1/(1/\/D)] = [O,CI,T,CI,T,]_,...,G,O + \/l)]7
and thus

\/B:[ao,al,...,aT—i—\/ﬁ] = [ar,ar_l,...,ao—l—\/ﬁ].

This shows that ag,...,a, is a palindrome, and the final form follows on noting that ag = L\@J

8 Arithmetic

Continued fractions are a theoretical tool and calculations are usually limited to computing the contin-
ued fraction expansion of a number. It may therefore appear a bit strange to ask whether addition and
multiplication of continued fraction expansions can be achieved as with the ordinary decimal expansion.

It turns out that even multiplying a continued fraction by 2 is already a time consuming task based on
“Hurwitz rules” [50, Exercise 4.5.3.14], so the general problem was declared to be hopeless by Khinchin, the

renowned expert in the field [45], who wrote:

There is, however, another and yet more significant practical demand that the aparatus of

continued fractions does not satisfy at all. Knowing the representations of several numbers, we

12



would like to be able, with relative ease, to find the representations of the simpler functions of
these numbers (especially, their sum and product). In brief, for an apparatus to be suitable
from a practical standpoint, it must admit sufficiently simple rules for arithmetical operations;
otherwise, it cannot serve as a tool for calculation. We know how convenient systematic fractions
are in this respect. On the other hand, for continued fractions there are no practically applicable
rules for arithmetical operations; even the problem of finding the continued fraction for a sum
from the continued fraction representing the addends is exceedingly complicated, and unworkable

in computational practice.

Nevertheless, the problem was solved by Marshall Hall [36], G.N. Raney [65], and most famously by
R.W. Gosper in the legendary paper Hakmem a compilation of results by MIT Artificial Intelligence Labo-
ratory “hackers” [3] [33] [50, Exercise 4.5.3.15] [563, p. 78]. The following is a description of Gosper’s method,
which is based on three ideas. The first idea is that a computation like 3z, where x is given as a continued

fraction, will rapidly lead to more complicated forms. For example, computing 3 - %

1 1,2] +1
3[1,3,1,2]:3(1+ > 311,21+

3.1,2]) " 3,12
and so forth. Gosper’s idea was not to try to simplify these forms, but to analyze the worst that can happen.
It’s not hard to see that you always get a linear fractional form

ax+0b
2) ar
where a, b, ¢, d are integers, and x is given as a continued fraction.

Gosper’s second idea was to consider the x as a formal symbol which could input continued fraction
digits into (2). In other words, think of x not as representing a rational number, but as a symbolic quantity
that transforms as )

(3) T gt -,

where ¢ represents the next continued fraction digit. It remains to see how (2) transforms under (3). A

simple computation shows that
ax +b aqr + bx 4+ a

— .
cx+d cqr +dx + ¢

So if the form (2) is represented by a matrix (Z‘ 2)7 then the transformation law corresponding to inputting

()= D)= o)

The third idea is to realize that you can output continued fraction coefficients without having complete

a digit is

knowledge of x. Gosper’s original example was

70x + 29
12z +5
If x > 0, then
29 T0x+29 70
/.
5 7 12z +5 12
This means that
70x+29 10x + 4
120 +5 122 +5°
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Similarly,

12 12z +5 5
— < < —
10 — 10x+4 4
SO
12z +5 2x + 1
:1—'—7’
10z + 4 10x+ 4
and

10x + 4 2x
=4+ .
20+ 1 2z +1
This means that for any = > 0 you get a continued fraction expansion
70z + 29 1
2e+s O I
1+ — 1
2z +1)/x

In other words, you are able to output 3 continued fraction coefficients of the form (10x+25)/(2z+1) without

4+

knowing too much about z. (Note that you cannot output a fourth coefficient since (2¢ 4+ 1)/z — 2+ 1/x
does not give the correct coefficient unless x > 1.)

In the case when x represents a sequence of continued fraction coefficients, the situation is even better
because the coefficients are greater or equal to one. Now, since one is assuming that there is a continuing
sequence of continued fraction coeflicients, the further assumption that x > 1 can be made, so being able to

output a continued fraction corresponds to checking that for some integer n

in other words, that

{a J _|la+b
cl |e+d]’
and when this happens the output will be the common value ¢ = |a/c|. The point is that is always happens,

given a sufficient number of digits of x.

It remains to see what happens to the form after this has been output. This is

1 B cx+d
ar+b  ax—cqr+b—dg’
cx+d

and the corresponding matrix transformation is

L PR e S W

All these steps can be combined into an algorithm but first an algorithm to compute the continued fraction
of a rational number must be written. This essentially follows the % example (ordinary concatenation

[0] % [zg, . ..,2] = [0, 20, ..., x,] will be used from now on).

Algorithm to compute the continued fraction expansion of a rational number: Given a rational

number ¢, return a sequence f(q):

if ¢ = 1/0 then [] else [[q]] x f(1/(q — [q]))

Algorithm to compute the continued fraction expansion of (ax + b)/(cx + d): Given a matrix (¢ s)

and the continued fraction expansion x = [z, ..., z,], return the sequence f ((Z Z),x):

14



if r =0 then f((azo+0b)/(cxo+ d)).

else if a,b,c,d >0 and || = {‘C‘IZJ then [|a/c]]* f ((107@/;)(?3),33) (Output a digit.)

else f ((g by (20, [xl,...,a:r}) (Input a digit.)

Finally, the algorithms for addition and multiplication can be described. Just as before computing x + y

or xy leads to more complicated expressions. The worst expression you get is a “bilinear fractional form”

axy +br+cy+d
exy+ fr+gy+h’

(4)

Treating « and y as formal variables, this can be represented by an ordered pair of matrices (or tensor)

(2 a)-G )

Letting y — ¢+ 1/y in (4) gives a transformation for the tensor

(C G- (C 0G0

where ordinary matrix multiplication is used on each component. Similarly, letting  — ¢ + 1/z in (4)

(CDGa-G a6 )

Just as before, one uses an Euclidean algorithm to output coefficients, but this time there won’t be a

corresponds to

guarantee that intermediate values will be greater than one. A tricky part of the algorithm is to decide
whether to choose x or y to input the next digit. A direct solution to this is to alternate between them and

this requires a componentwise transpose

(R (ARG

corresponding to switching = and y in (4).

Algorithm to compute the continued fraction of (axy + bz + cy + d)/(exy + fx + gy + h): Given as

input a tensor ((z db), (; £)> and continued fraction expansions z = [zg,..., %], ¥ = [Yo,---,Ys], return a

sequence f (((fé’)v (; {L)) ,x,y):

it s =0 then (2. (1)) (4).).

else if a,b,c,d,e, f,g,h >0 and |a/e| = |b/f] = |¢/g] = |d/h| then

[la/e]] = f ((10 ,La/elj) ((fj 2), (; {)) ,x7y> (Output a digit.)

T
else f ({ ((f db), (; i)) (Yo (1))} N[ T TA X ac> (Input a digit and switch z,y.)

15



This algorithm allows one to add and multiply continued fractions according to the rules
roy=f(((0)G6D) =y,  20y=F(((o) G1)) =)

Remark 1. The real advantage of Gosper’s method is that it allows you to add and multiply numbers with
known continued fraction expansions, for example, e = [2,1,2,1,1,4,1,1,6,...] and ¢ = @ =[1,1,1,...].
The above algorithms are easily modified to compute quantities like e 4+ ¢ where the digit input would be

the functions

2 ifn=0
e(n) =< 2(n+1)/3 ifn =2 (mod 3) and p(n)=1.
1 otherwise,

Remark 2. It would be interesting to find a geometric interpretation of Gosper’s method, as in [73], and

also for bilinear fractional forms.

9 Continuous versus discrete

Consider the following two questions:

C. How much information do n continued fraction digits of a number give you, i.e., what is the “base”

corresponding to the continued fraction expansion?

D. How many division steps are there typically when the Euclidean algorithm is performed on two integers?

To analyze the first question, recall the basic setup of information theory: Given an unknown z, one
measures the information content of an expansion by the amount one learns about x. Thus, if one knows n
base 10 digits of = taken in (0, 1), one has reduced z to an interval of size 10~". Knowledge of one more digit
further reduces the interval to size 10~"!, therefore, one has narrowed z by a factor of 10. The Shannon
McMillan Breiman theorem [5] then says that the entropy of the shift map Tho(.a1a2...) = .azas ... is log 10.

In the case of continued fractions, one looks at an x € (0, 1) and writes = [0, a1 (), az(z), ...]. The first

n continued fraction digits give an approximation

Zﬁ =10,a1(x),...,an(x)],
and, by the above,
Pn 1
r— — —.
an |~

If one accepts that typically this bound cannot be improved much, then knowledge of the first n digits
narrows x to an interval of size about 1/¢2. Knowledge of one more digit therefore gives a further refinement

2
by a factor of %. Assuming that ¢, grows exponentially, each continued fraction digit is worth about

q?z,+1
az
exists, i.e., finding the asymptotics of ¢ from the length of the continued fraction.

a = lim, o . If B =lim,, .o log g, /n exists, then a = €25, so question C is reduced to proving that j3

Question D asks exactly the inverse questions as the number of steps in the Euclidean algorithm is just
the length of the continued fraction expansion of p/q. In other words, one is looking at all continued fraction

expansions p/q = [0, a1, ...,a,], where p < ¢ and asking for r in terms of g.
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It makes sense to believe that rational fractions are quite well behaved and that this question should
reflect the behavior of real numbers. In other words, if for almost all real numbers, and expansion of length
n has denominator of size €™, then for almost all p/q, one should have r = (logq)/B. It will be seen that
this is in fact the case.

The relationship between these two questions can be described by saying that question C is the continuous
case and question D is the discrete case. This is completely analogous to the simpler example of base 10
digits. It is well known that for almost real numbers with base 10 expansion x = 0.ajas ..., one has
ay + -+ a, ~ 4.5n, as n — oo (continuous case). On the other hand, for almost all n < N, one has
ap+ -+ +a, ~4.5logyn, where n =Y _;_;a;10" (discrete case). In fact, both these results are special cases

of the central limit theorem.

10 Statistics

To analyze the average growth of the ¢,’s one must first understand the general distribution of continued
fraction digits, i.e., looking at a random number 0 < z < 1, what is the distribution of the nth continued
fraction digit? For example The distribution of the first digit is quite easy: The digit is k exactly when
kE<1l/x <k+1,ie,1/(k+1) <z < 1/k. To make things more precise, consider the continued fraction
map Tx = {1/x} which takes [0, a1 (), az(z),...] — [0,a2(z),as(x),...], i.e., is the shift map for continued
fraction expansions. Everything will be answered once the measure Fj,(z) of the set {z : T"(z) < z} is

understood. Assuming for the moment that F,(z) is given, then F,,11(z) can be expressed as

Fr(e) =3 F, (kSTixSker) :i(Fn (11@) _F, (kix» .

k=1 k=1

The hope is that the F,’s approach a limit F', which will have to have the property that

- 0(2) 5 ()

It turns out that the function log(1 + x) satisfies this linear relation, while the condition F'(1) = 1 implies

that logy(1 + ) is the candidate of choice.

If this convergence conjecture is correct, then the probability that the nth coefficient is > 1 is

log4 —log 3

F/2) = =573

~ .58496 .

This allows one to predict that the probability that digit & appears is

1/”’“ de 1, ]
log 2 1/,€+11—|—x_1og2 & k(k+2))°

so for large n, one has

a quotient of 1 about l(ﬁgf ~ 41.504 percent of the time,

a quotient of 2 about loliggés ~2 16.992 percent of the time,

log 16/15

ogs 9.311 percent of the time.

a quotient of 3 about
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In fact, the study of F,, goes back to Gauss who considered the problem in 1800. His notebook includes
the four place value of F»(1/2). Gauss further wrote: “ Tam complicatae evadunt, ut nulla spes superesse
videatur,” which means “They come out so complicated that no hope appears to be left.” Twelve years later,
Gauss wrote to Laplace saying: “I found by very simple reasoning that, for n infinite, F,,(z) = log(14x)/log 2.
But the efforts which I made since then in my inquiries assign F, (z) —log(1+ )/ log 2 for very large but not
infinite values of n were fruitless.” Gauss did not publish his results and his conjecture remained unproved
until 1928 when Kuz'min showed that

log(1+ )

—Ayn
log 2 +O0(e ).

F,.(z)=

This was subsequently improved by Lévy who showed that the error is O(e=4", for some A > 0. Wirsing
subsequently showed that the error term is asymptotic to (—\)"¥(x), where A = .30366. .. and ¥ is analytic
in the complex plane except for (—oco,—1). A complete solution to Gauss’ problem was found by Babenko
who showed that

log(1 + ) ng
Fp(z) = —=>—" og 2 +Z/\

where A\; — 0 are real, [A2| > |A3] > [X\4] > -+, and each \I!j is analytic in the above region. It is conjectured
that the A;’s are simple and alternate in sign. This has been verified computationally for the first 37

eigenvalues [13] [57].

—

), 1.e., analyzes the operator

1(/c+x)2f<k41rx) '

This has eigenfunction 1/(1 + z) with eigenvalue 1. In general, the operator

G = e (lﬁl—x)

k=1

Babenko considers the derivative of formula

NE

G(f(z)) =

>
Il

is related to the spectral theory of SL(2,Z) via the relation
Z(s) = det(1 — G) det(1 + Gy),

where Z(s) is the ordinary Selberg zeta function for the modular group. In particular, this shows that the
operator G has has eigenvalue 1 exactly when s = 1/2 +ir and 1/4 + r? is an eigenvalue of the Laplacian

on H/SL(2,7Z), so that s = 1 corresponds to the eigenvalue p = 0, i.e., the constant functions.

Even though Gauss’ problem has been completely solved, our question can be answered without knowing

about the asymptotic properties of F),. In fact, all one needs to know is that the Gauss measure

1 / dx
log 2 1+z

is invariant under the map x — Tx and that the easily proved fact that the only invariant sets have measure

zero or one. This says that the continued fraction map is ergodic with respect to Gauss measure. The
ergodic theorem then implies that for almost all z

. f(T2)+ f(T2%z)+ -+ f(TN2) 1 [ dx
A N ’1og2/ @)=

)
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in other words, averages along the first continued fraction digit over all x are reflected as averages along all
digits for a single z. This is an example of the “ergodic hypothesis” which says that time averages reflect
space averages. For example, one would expect that if a room is divided into two equal parts, then an air
molecule should spend 1/2 of its time in each part. Another example of the ergodic hypothesis is that if 10%
of the population is over 6ft. tall, then a person should be over 6ft. tall for 10% of his life.

The asymptotic formula for F,(x) enables one to understand a lot about the statistical properties of
continued fraction digits (note that since Gauss measure is absolutely continuous with respect to ordinary
measure, “almost all” results apply to Lebesgue measure as well). If f(x) is a function of the digits, then

the ergodic theorem says that

o flaa(@) + -+ flan(@) s F(R) 1
lim - = k; og? log <1+ k(k+2)> .

This immediately proves Kinchin’s result that the geometric mean of the digits tends to a limit

00 log k/ log 2
1
0 e an, I | 14+ ——= = 2.68545200106530644530. . .
vaiaz---a —>k_1( +k‘(k}—|—2))

One can similarly look at the harmonic mean defined by

H(vy,...,vn) =

The harmonic mean answers the question: “If you travel over n equal distances each at speed v;, what is
your average speed?” (The fact that H(v1,vs) < (v1 + v2)/2 when vy # vy is the reason why cycling out
and back when there is wind is slower than when it is calm.) For the case of continued fraction coefficients,

the harmonic mean on average is

. n log 2
lim =
e L N 1
a n kz;:% °g< +k(k+2))
B 1
3 2 & log 2
e 277,—2_1 !
e 20 (G0 + 57

= 1.74540566224073468634 . . .

where the evaluation in terms of values of ¢/(k) is done as in [81, Chapter 8]. Gosper [33] has computed the
harmonic mean of the first million digits of m to be about 1.745942 and for the first 17 million digits about
1.745882. Since e = [2,1,2,1,1,4,1,1,6,1,1,8,1,1,10,...] the harmonic mean of its digits is 3/2.

11 Answers to C and D

The growth of ¢,(x), and therefore Question C, can now be analyzed using a very simple trick. Note

that when the Euclidean algorithm is applied to p/q that the denominator of the last iteration become the
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numerator of the next iteration, so that multiplying the successive fractions gives

Prp2  Pn_P1
q1 g2 dn dn

On the other hand, px(x)/qr(z) is a very good approximation for Ty, so that

log gn log Tyz) + - - + log Th 1 /1 dx
~ — (—logx)
0

n o n log 2 1+

The integral can be evaluated as follows. Consider the I' function I'(s) = [~ e **"'dt, then Féf) =
[ et 1de, so that
(e%S) a ) 0o 1 [’}
T'(s) Z = = / Zanefm t5ldt . = / Zanx" (—logx)* tdx.
n? 0 0
n=1 n=1 n=1
For a, = (—1)"*! then the infinite series represents a rational function giving
O R A
s - s) = —logx
951 , 8 11z’
and in particular, this gives
1 2
dx 1 T
-1 =-((2)=—.
/0 (Floga) 2 =3¢ =13
The conclusion is that for almost all x
2
B=lim - T
n—oo 1 12 log 2
One can now answer Question C: Since each digit contributes
a 2
L em /6182 = 10,731 ..,
dn
times more information, continued fractions correspond to to expanding a number in base 10.731..., i.e.,

they are slightly more efficient than base 10 (though digits are not of fixed length, so one should really
compare with Khinchin’s constant). This number is therefore the entropy of the continued fraction map. It
was first computed by Rohlin [67].

Question D can now also be answered. One must assume that the average behavior of integers 0 < p < ¢
approximates that of random reals in [0,1]. As noted above, this would imply that p/q = pn/¢n, where
q = qn ~ e™ /121082 g4 that % log ¢ should be the average running time of the Euclidean algorithm. In
fact Heilbronn showed that this holds, and Knuth refined this to the formula

12log2
EZ log N +C + O(N~1/5+¢),
Vs
where 6log2 .
Cz075(310g2+4'y—247r2g”(2)—1)—5.
i

This result is confirmed by Dixon’s theorem which says that almost all p < g < N satisfy

12log 2
Lp/q) — Wc;g log gq| < (log q)1/2+5, except for exp(—c(e)(log N)E/Q) N? values,

20



where £(p/q) is the length of the continued fraction of p/q. In fact, D. Hensley [41] has recently improved
Dixon’s result by showing that the error term is Gaussian, i.e., the number of steps in the Euclidean algorithm

is asymptotically Gaussian with mean % log x and variance C log z, where

2
01:1<1210g2) d—lg)\()

b

6 2
T T dx? s

where A(s) denotes a zeta function associated with continued fractions (see ?? below).

12 Sums

The question of estimating Sy = 25:1 ap () is much harder since the ergodic theorem no longer applies:

Zklog(lJr k+2) ZkQ Zk

However, since
al 1
k1 1+ —+— | ~log, N
1;1 082 ( + k(k+2)> 082

one might expect that STN ~ log, N a.e., but this is false in general. In fact, a result of Borel and Bernstein
states that if p(1),©(2),... is a sequence of positive integers then for almost all x € (0,1), an(z) > ¢(n)
infinitely often if and only if > 1/¢(n) diverges (see [5] for a proof). In particular, one has a,(x) >
nlognloglogn infinitely often, for almost all x.

Another difficulty is that the a,(x) are not independent, and in fact this theory is one of the fundamental
examples of sums of identically distributed non—independent random variables.

In spite of this, Khinchin did show [44] that for a fixed € > 0

SN 1
): |———-1 > = _
5) /\{x €(0.1) Nlogy, N ’ - E} © (52 logN) ’

where A is Lebesgue measure. This result has been refined in two interesting ways. First, Diamond and
Vaaler [20] correctly noted that the difficulty lies in the rare exceptionally large coefficients predicted by the
Borel-Bernstein result, and that everything works well when the largest coefficient is removed. Thus, if one
lets
Sy = Tgvan — Ln<alz[(an ,

then S% ~ Nlog, N, a.e., where the error term can be given by N(log N)'=9, for some effective value
d >0 (6 =1/16 seems to work, see [84]).

Diamond and Vaaler also showed (see also [84]) that for o + 8 > 1 then, with probability one, there are
at most finitely many a, > N log® N and ag > N logﬁ N for distinct p, ¢ < N. In other words, you cannot
have two very large coefficients. Since the probability that a; > Nlog N is about 1/(Nlog N). Combining

with Diamond and Vaaler’s first result, this shows that (5) is optimal, i.e.,

S 1

21




in other words, the left hand side is not o() of the right hand side. One can even remove the absolute values
on the left hand side, as Diamond and Vaaler’s result shows that the error from asymptotic always comes

from an extra large coefficient.

The other result is due to L. Heinrich [39] who analyzed the error term Sy — N logy N and showed that
it was essentially linear, i.e., that (Sy — Nlog, N)/N has a limiting distribution. Thus, let G(x) be the
distribution function with with characteristic function

oo
o) = [ edG)

given by
g(t) = ¢~ 7mogz t(1+isan(t) % log t])

then

1 - logn —
,u{w. nZaklog2<z}G(x) =

k=1

where v = .5772... is Euler’s constant and p is the Gauss measure.

This type of result is a generalization of the central limit theorem developed by Khinchin and Lévy [46],

[31], [42]. Given independent random variables X1, X, ... that converge to a distribution when normalized
by NV ie., if
1

has a limiting distribution, then it is given by Gq g(x, A) whose characteristic function
o .
Jopt N = [ iGN
satisfies
log gu.s(t, A) = =M |t (1 + i8sgn(t) w(t, o)),

where 0 < a <2, 8| <1, £> 0, and

2
= log |t, a=1,
w(t,a) =
tan(am/2) otherwise.

For example, the case o = 2 is the usual normal distribution, while &« = 1, 8 = 0 is the so called Cauchy
distribution. Only in the case & = 2 do these distributions have finite variance, and they have finite

expectation only when o > 1.

If the continuous case models the discrete one, then Kinchin’s result implies that the sum of continued

fraction coefficients S(p/q) should satisfy
12
S(p/q) ~ —; logqlogloggq, for almost all p < g < N.
7r

This has not yet been proved. In fact, there are some subtleties as Knuth and Yao [51] showed that the
average value of S(p/q) taken over all 0 < p < ¢ is
1
q

> Sp/q) ~ % (logq)?.

0<p<q
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What is going on is that a small number of large coefficients are inflating the average. The fact that most

values of S(p/q) are much smaller than the average was shown in [82]: For 1 > a > 1/2,
(6) S(p/q) < (logq)'*t®, p<q< N, with at most O(N? (log N)'/2~%+¢) exceptions,

where ¢ is a positive number that can be chosen arbitrarily but affects the constant in the O(') term.
These results have implication to the running time of the non—FEuclidean algorithm, which is essentially
the sum of the odd continued fraction coefficients. According to the above, the average running time should
be % (log q)? while almost all fractions should have running time % log qloglog q. Thus, the non—-Euclidean
algorithm runs much longer than the usual Euclidean one, which is not immediately apparent from its

definition.

13 Alternating sums

It is surprising that the alternating sum of continued fraction coefficients plays an important role in a number
of different settings. The reason is that the alternating sum corresponds to an additive character of SL(2,Z).
The alternating sum occurs in the theory of modular forms, as will be seen below, so it is natural that it
also appear in geometry, in the study of the modular surface SL(2,Z)\H. Thus, Guivarc’h and Le Jan
[34] studied the winding number of geodesics on the modular surface, which comes down to the analysis of
alternating sums of continued fraction coefficients. Alternating sums also occur implicitly in the work of
Kirby and Melvin [47].

Thus, let 4+ be a geodesic on the modular surface, and W3, the number of times the geodesic winds
around the cusp. Then they show that under the normalized Liouville measure i on I'\G, W5, /t converges
to a Cauchy distribution as t — oc.

The relation to continued fractions is that this winding number, in the case of the modular group, is
exactly the alternating sum of continued fraction coefficients. This is clear using the usual coding of geodesics
[73]. In fact, Guivarc’h and Le Jan essentially prove that (—a; +asg - --+(—1)Nay)/N converges to a Cauchy
distribution with characteristic function e=7It/(210g2),

This result is predicted by Heinrich’s theorem on the error term in the sum of coefficients, but Guivarc’h
and Le Jan’s proof also works for general congruence subgroups.

Thus, assuming that Heirich’s result holds for even and for odd coefficients, one would have

{szgjv a2k

N < x} — Gz, m/(41log2)) — Gy 1(z,7/(410g2)),

{22k+1§N A2k+1

N <x} — Gr1(x,7/(41log2)) — Gy 1(z,7/(410g2)).

Now, the difference of two G11(z, 7/(41og 2))’s is a G1,0(z, 7/(210g 2)), see [92], and this is exactly a Cauchy
distribution with parameter 7/(2log2), as proved by Guivarc’h and Le Jan.

13.1 The discrete case

Guivarc’h and Le Jan proved that in the continuous case, alternating sums have a limiting distribution.

The discrete case can now be predicted by rescaling by the factor 72/(12log2). This would then give that
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T 12log2 __ 6

>°(~1)%a; has a Cauchy distribution with parameter in other words

2log2 ~ w2 T w
) lim Ho<d<c<N: GCD(d,c) =1, >, (—1)a; <z logc}| 1 /m g dy
N—oo Ho<d<c<N: GCD(d,c) =1} T ) Sty

—6lt]/m

and characteristic function e As in the continuous case, such a result would follow from the discrete

version of Heinrich’s result

. ‘{O<d<c<N: GCD (d,c) =1, Ziai—%logcloglogc<xlogc}| 6
lim a =G171 Ty — |,
T

N—oo {0<d<ec<N: GCD(d,c) =1}

however this has yet to be proved (as noted above, even the main term S(d/c) ~ % log cloglog ¢ is still
unproved).

A proof of (7) was found by I. Vardi in [82] but used methods that are completely independent of Heinrich
or of Guivarc’h and Le Jan. This method is based on the theory of modular forms and the first step is to

restate the problem in terms of Dedekind sums.

13.2 Dedekind sums

The Dedekind sum appears to be have been mistakenly defined and instead should have been defined to be
the alternating sum of continued fraction coefficients. Historically, the Dedekind sum is defined for relatively

prime integers d and c as

s(d.e) = 3 (hfe) (/).
h=1
where the symbol ((2)) signifies
0, if x is an integer,
(@)= {x — |z] —1/2, otherwise.

(See Figure 1.) This sum was discovered by Dedekind in 1876 [16] while editing Riemann’s collected works

[66]. He used this sum to express the functional equation of the Dedekind 1 function

77(2) _ e7riz/12 H(l o 627rinz)

n=1

which he proved satisfies

(8)

: <az+b> {logn(z)—i—élog(cz—l-d)—&-;r;@(zs), for ¢ > 0,
o = ‘
=+d) " logn(s) + 3. -

where Im () >0, g = (¢ Z), a,b, ¢, d are integers satisfying ad — bc = 1, and ®(? db) is a certain integer. Note
that

iz eZ‘n’imnz
1 =— —
ogn(z) = 5 2 T
so is holomorphic for Im z > 0.
In fact, Dedekind evaluated <I>(? 2) as
a b a+d
(9) P =3+ —12s(d,¢),
c d c



with s(d, ¢) as above (and q)((l) 1) =1).
Using this functional equation Dedekind proved a fundamental identity for the Dedekind sum namely
the reciprocity law
s(c,d) = ‘i d + 1 —s(d,c).
d ¢ «cd
Since then numerous elementary proofs of this (not involving the theory of functions) have been given, see
[64]. It should be noted that the Dedekind sum does have independent interpretations, e.g., Mordell [58]

proved that it counts the number of lattice points in a tetrahedron.

Dean Hickerson proved the conjecture of Rademacher that the values of (d/c, s(d, c)) are dense in the
plane (note that s(d,c) can be considered to be a function of ¢/d since s(c,d) = s(c/(d,c),d/(c,d)), as is
easily shown). He proved this by giving a continued fraction formula for the Dedekind sum.

Note that the definition of the Dedekind sum gives that

s(d, c) = s(d mode, ¢)

and the reciprocity law relates the value of s(d,c) to s(c,d). It follows that s(d,c) can be computed using
the Euclidean algorithm so it should be expressible in terms of the continued fraction expansion of d/c. In

fact, this is the statement of Hickerson’s result.

Theorem 1. Let d < ¢ and 0 < a < ¢ be such that ad = 1 mode, then if [0,a1,as,...,a,] is the regular

continued fraction expansion of d/c with r odd then

s(d, c) = % (-3 +2 t d_ Z(—l)ial) .

i=1

(This corrects an error in [82].)
Exercise. Use Theorem 1 to prove the density result for Dedekind sums.

Theorem 1 shows that

so that a limiting distribution result for alternating sums is equivalent to a limiting distribution result for

Dedekind sums modulo a factor of 12. The exact result is

lim

. H{o<d<c<N: GCD(d,c) =1, s(d,c)<xlogc}|_l/“ = J
N—00 {0<d<ec<N: GCD(d,c) =1} R A Y

This is the form of the result which follows from the theory of modular forms, as will be seen below.

Proving Theorem 1 consists in showing that

®(g192) = ®(g1) + P(92)

which is true when the c values of all three terms are non negative. Otherwise, one has

®(g9192) = ®(g1) + P(g2) + 6
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as was proved by Rademacher. This immediately shows that ®(U) = 1, ®(S) = -3, and so ®(L) =
®(USU) = —1. Translating this into the matrix factorization explains the alternating sum of coefficients.
Indeed, let 0 < d < ¢, ¢ > a,b > 0 be such that ad — bc = 1, and let d/c = [0,ay, ..., a,], where r is odd. By

the above, one has
a c
b d

where ¢/d = [ay,...,a,]. It follows that

a b
@< d> = B(LUY L) = a, B(L) + 4,1 DU) + -+ @ P(L) = —ar Faz- - —a,
c

as claimed. The idea of Rademacher’s proof is that
logn((9192)(2)) = r(z) + ®(9192)
= logn(g1(92(2))) = s(2) + ®(g1) + logn(g2(2))

=s(2) +t(z) + ®(g1) + P(g2)

13.3 Limiting distributions

One says that an arithmetic function f(n), n =1,2,..., has a limiting distribution F(x) if
lm ~{n<N: f(n)<a} = Flx)
Ngnoo N n < : n Ty = x).

In other words, one takes a histogram of values of the function f(n) and looks at its shape.
One method of showing that an arithmetic function has a limiting distribution is due to Paul Lévy [79].

Lévy’s theorem says that if

o1 itf(n) _
Jim et = g(1),
n<N

and ¢(t) is continuous at ¢ = 0, then f(n) has a limiting distribution F'(z), where
o0 .
o) = [ emar(),
—0o0

is the characteristic function of the distribution (this is simply the probabilist’s terminology for the Fourier

transform).

In order to prove the limiting distibution result for Dedekind sums (and thus for alternating sums of

continued fraction coefficients) one applies the Lévy theorem to s(d, ¢)/log ¢ which should give

Z eits(d,c)/ log ¢

0<d<c<N
i GCD (d,c)=1 = e~ t/(2m)
N—oo {0 <d<c<N: GCD(d,c) =1}

where the right hand side corresponds to the characteristic functions of the Cauchy distribution

/oo aeity dy _ e—a\tl ,
—o %+ y?
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with a = 1/(27). The well known estimate [37]

N2
{0<d<c<N: GCD(dc) =1} = "2 + O(NlogN),
s

shows that Lévy’s criterion can be rewritten as

2
(10) § eits(d,c)/logc -~ €,|t‘/(2ﬂ.) % .
0<d<c<N ™
GCD (d,c)=1

Proving such a formula presents a number of technical difficulties. For example, one would like to remove
the absolute values on the right hand side, and the bothersome 1/logc term in the exponential. The first
point can be taken care of by noting that s(c—d, ¢) = —s(d, ¢) implies that the left hand side is independent
of the sign of £. The second point can be taken care of by noting that the log function does not vary very
much, and that for most values of ¢ < N, logc is almost equal to log V. An estimate using the continued
fraction formula for Dedekind sums and the subsequent upper bound (6) of S(d/c) < (log N)3/2%¢ for almost
all d < ¢ < N, shows that

Z 6its(d,c)/logc — Z 6its(d,c)/log]\7 + O(Nz(log N)71/5+5> ,
0<d<c<N 0<d<c<N
GCD (d,c)=1 GCD (d,c)=1

see [82] for details. The problem is therefore reduced to showing that

2
(11) Z pits(d.c)/log N, o—t/(2m) 31\2 0.
0<d<c<N Q
GCD (d,0)=1

To prove this result, one rewrites the left hand side as a sum of generalized Kloosterman sums, and these

sums can be estimated using the theory of non—holomorphic modular forms.

13.4 Kloosterman sums

The Kloosterman sum is defined in the simplest case by

S(m,n,c) = Z g2mi(matnd)/c.

d<c
ad=1 (mod c)
GCD (d,c)=1

It was introduced by Kloosterman in 1927 as a refinement to the Hardy-Littlewood circle method. The
Kloosterman sum has about ¢ terms, but one should expect a lot of cancellation since the values of d mod c
and d~! mod ¢ should be independent, so that the numbers e27#(matnd)/¢ ghould be “randomly” distributed
on the unit circle. If this is true, then there would be maximum cancellation in the Kloosterman sum,

implying that the size of sum is about the square root of the number of terms, i.e.,
(12) S(m,n,c) = O(c"/*%),

for any fixed ¢ > 0. Work of Salié [68] then Davenport [14] approached this estimate, which was finally
proved by A. Weil in 1948 [89]. This proof essentially came down to Weil’s proof of the Riemann hypothesis

for curves.
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Much recent progress in analytic number theory (the so-called “Kloostermania”) was made by using
estimates not just on Kloosterman sums, but on the fact that there is further cancellation when one sums
Kloosterman sums [19]. These efforts have recently led to some spectacular results, in particular, the recent
proof by J. Friedlander and H. Iwaniec that there are an infinite number of primes of the form X2 + Y*
[30, p. 952]: “We also do not appeal to the theory of automorphic functions although experts will, in several
places, detect it bubbling just beneath the surface.”

The basic observation is that there should be further cancellation if one looks at sums of Kloosterman

sum. By the Weil estimate, one already has

Z S(m,n,c) _ O($1/2+5).

c<x

However, it was proved by Kuznetsov [52] that the estimate holds when 1/2 is replaced by 1/6,

S(m,n,c) 1
1 PATHTE)_ [6+ey
(13 S ERRY _ oo
c<x
The proof depends strongly on modular forms and on the “Kuznetsov trace formula” described below.
In fact, Linnik [55] and Selberg [71] independently conjectured that the constant can be replaced by zero,
i.e., that
S
I
c
c<x
for any € > 0, but this has remained open.
The statement of the asymptotic formula for sums of Kloosterman sum will require the theory of modular

forms.

13.5 Modular forms

The theory of modular forms (also called automorphic forms) can be thought of as a generalization of
harmonic analysis to higher rank groups. In other words, classical harmonic analysis is the study of functions
of the circle R/Z, while modular forms will study functions on a higher rank group modulo a discrete
subgroup, for example, SL(2,R)/SL(2,Z).

It is natural to begin with the classical theory of (holomorphic) modular forms, see [35] [69] [74]. We
begin by giving the simplest examples of modular forms: holomorphic modular forms of even integral weight.

Let H = {z + iy : y > 0} be the upper half plane. We will consider holomorphic functions on H
that satisfy certain functional equations with respect to the action z — gjig The matrices (Z 3) will be
restricted to certain finite index subgroups of SL(2,Z) called congruence subgroups, defined as subgroups
G C SL(2,Z) containing I'(NV) for some N, where

F(N):{(Z Z) € SL(2,Z) - (Z Z) = ((1) (1)) (modN)}.

Note that I'(1) = SL(2,Z), so that G is a congruence subgroup if and only if I'(N) C G C I'(1), for some N.

Modular forms satisfy a functional equation under the action of G, so their values are determined by a

fundamental domain of H under the action of G which is denoted by G\H (the upper half plane under this
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identification can also be thought of as a Riemann surface). In the case of the full modular group I'(1), this

can be taken to be the well known region
F={zeH: —-1/2<Re(z) <1/2, |2| > 1/2}.

The part of F going off to infinity is called the cusp and this name becomes more clear visually if one uses
the equivalent domain —1/F (see the figure).

Note that if G is a congruence subgroup, then the fundamental domain G\H is simply a finite union of
images of F, and so there are a finite number of cusps and once again G\H can be thought of as a Riemann

surface.

Definition. A modular form of weight k for SL(2,Z) is a holomorphic function on H satisfying

(i) fgz) = (cz+ ¥ f(2), g€ SL2,2Z),
(ii) f(z) is bounded in the cusp of SL(2,Z)\H.
(iii) f(2) is a cusp form if it approaches zero at the cusp.

More generally, a modular form for a congruence subgroup G will satisfy f(gz) = (cz + d)* f(z) for g € G
and f(z) is bounded at every cusp of G\H.

In the case of the modular group, the identity f(z) = f(z + 1) holds, since ((1) }) belongs to SL(2,Z), so

there is a Fourier development

oo

Fatiy)= > antaly)e?™.

The fact that f(x + iy) is holomorphic implies that v, (y) = e =2, and condition (ii) implies that a,, = 0

for n < 0. In other words, one has the Fourier expansion
(14) flz)= Z an €™
n=0

Condition (iii) simply says that ap = 0.
The modular relation (i) above implies that modular forms of weight k correspond to meromorphic
differentials of weight k/2 on SL(2,Z), i.e., f(2)(dz)*/? is the set of all such differentials. The Riemann—

Roch theorem then implies that the set of holomorphic modular forms of weight k is finite dimensional.

Examples. The Ramanujan—A function

A(Z) _ e27riz H(l o e27rinz)24 _ Z T(TL) eZTrinz
n=1 n=1

is a modular form of weight 12. The fact that A(z) is a modular form is not trivial, see [69] for a proof, but
it should be noted that A(z) = ((2))?4, so this already follows from the transformation law for 7(z) given
above.
Modular forms also appear as a way of proving that a Dirichlet series
oo
L) =Y ="

ns
n=0
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has a functional equation s — k — s. The idea is to show that the associated function

o0

2 27rznz

has a functional equation f(—1/z) = z* f(z). In fact, the functional equation k + k — s then follows from

the Mellin transform T'(s) oo d
5 R dy
B Lyts) = / i) = f(o)l"

as was proved by Hecke. This idea goes back to Riemann who showed that the functional equation s — 1—s

for {(s) follows from the functional equation for the theta function

given by 0(—1/z) = (—iz)/20(z2).

A general method of constructing modular forms is to average over the group G. The whole group is too

large, since f(z 4+ 1) = f(2), so one mods out such elements: Let

ouan(} 7)<}

then the Eisenstein series is defined to be

Ek(z): Z . ! kO

geGm\GJ(g,Z)

where j(g, z) = ¢z + d when g = (¢ ) The form of the sum shows that Ei(z) is G invariant. In the case of
SL(2,Z), this is simply

GCD (c,d)=1

and one can easily show that this sum converges to a holomorphic function in H, see [69]. More generally,

Pr(z k)= )

gEG\G

one has the Poincaré series .
e27r7,gz

j(g,2)*’

where 2797 is well defined modulo G+, and the sum converges as before.

Finally, the space of modular forms carries a natural inner product called the Petersson inner product

defined by
dxd
//f k y

G\H

Note that dz;ly is a measure which is invariant under the action of SL(2,R). This follows from the identity

Y

(15) Im (g2) = [+ dp?
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which will be used repeatedly. A basic computation is

dxdy
Y2

P00, 5) = [ [ Pute T

G\H

o —— o dxd
— // Z j(g’z)—ke%rzmgz'f(z)ykg
G\H gE€Go\G

One now observes that

= _ [flg?)

/e jlg, 2)%
so that

a2 T = o = 7 (m (g2)

The above inner product is then

) I dxd o —— . dxd
J] X emmeigmm ey < [ [ ey
G\H 9€G=\G Goo\H

where the reduction follows from the fact that one is integrating over all copies of the fundamental domain
modulo the transformation z — z + 1 and the union of all these fundamental domains is therefore the

fundamental domain for G, \H. This this can be given by the region 0 < z < 1, y > 0, the integral equals

o) 1
—— pdxdy a
2Tmz k _ m T(k—1).
fo ) TG = e =)

In other words, taking an inner product with P,,(z, k) essentially gives the mth Fourier coefficient of f(z).

Since a function which has all zero Fourier coefficents is zero, this means that Poincaré series span the space
of mdoular forms. Moreover, this shows that Eisenstein series correspond to the constant term as they are

orthogonal to all cusp forms.

13.6 Success stories

Modular forms were the source of two of the most celebrated results of the 20th century: The Ramanujan—
Petersson conjecture solved by Deligne in 1974 and the Shimura—Taniyama—Weil conjecture solved by Wiles,
Breuil, Conrad, Diamond, and Taylor in 1999. As motivation for the subject, this section, which is indepen-
dent of the rest of the paper, gives a brief description of these results.

The importance of modular forms comes in large part from the fact that their Fourier coefficients contain
arithmetic information. Thus, Fourier coefficients of modular forms can be used to study the representation

of integers as a sum of squares. The starting point is the 6 function

0(2): i e27rin2z'

n=—oo

Since 0(z) = 0(2z), the transformation law for 6(z) implies that

0(92) = (5) ez’ (cz+)*0(2), g€ To(4),
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and (%) = =£1 is a generalization of the Legendre symbol [69] and &4 is 1 if d = 1 (mod4) and i if
d = 3 (mod4). This implies that if k is divisible by 4, then 6*(2) is a modular form for 'y(4) of weight k/2.
On the other hand,

05 (2) = 3 () 77,
n=0

where 71(n) is the number of ways of writing n as a sum of k squares of integers.

As noted in the previous section, the space of modular forms of a given weight is finite and is spanned by
Poincaré series. Moreover, the space of non—cusp forms is spanned by the Eisenstein series. In other words,
every modular form can be written in the form e + h, where e is in the space spanned by Eisenstein series,
and h is a cusp form. Now, it is simple to compute the Fourier series of Eisenstein series [35] [69] [74]. For

example [74],

Ey(2) =1+240 > o3(n)e®™™,  Eg(2) =1-504 > o5(n)e> ",
n=1 ne1

where di(n) = > dln dF. In general, the Fourier coefficients of Eisenstein series will be some type of finite
divisor sum.

It follows that when the space of modular forms is 1-dimensional, then one gets a simple closed form for
the number of representations of an integers as a sum of squares. This is in fact true for weight 2 and weight

4, and one has the well known formulas [37]

rq(n) =8 Zd, rg(n) = (—1)" 16 Z(—l)dd3.

dln dln

4lh
In general, such formulas will hold if there are no cusp forms. However, if cusp forms exist, then the divisor
sums are now only main terms in asymptotics, while cusp forms correspond to error terms. From this point
of view, it becomes important to understand the growth rate of Fourier coefficients of cusp forms, since
these control the error term. This exact question was raised by Ramanujan who conjectured that for a
cusp form of weight &, the Fourier coefficients of cusp forms should satisfy a, = O(n*~1/2%¢). Since the
main term given by Eisenstein series has order n*~!, this gives a square root error, which can be considered
optimal. In fact, Ramanujan only made his conjecture for 7(n), and the general conjecture for cusp forms
for congruence subgroups was made by Petersson, so this is now called the Ramanujan—Petersson conjecture.
This conjecture was proved in Deligne’s famous 1974 paper [17] in which he also proved the general Weil
conjectures. Deligne’s bound was later applied by Phillips and Sarnak to graph theory in the construction
of explicit expanders [69]. For more information about representation of integers as sums of squares, see the
survey article of W. Duke [22].

A more recent application of modular forms is Wiles’ proof of Fermat’s last theorem, [10] [90]. In
particular, the proof followed from the proof by Taylor and Wiles of a special case of the Shimura—Taniyama—
Weil conjecture. In fact, the proof of full conjecture has recently been completed by Breuil, Conrad, Diamond,
and Taylor, see [12] for a very clear introduction, or [24] for more details.

The Shimura—Taniyama—Weil conjecture says that all rational elliptic curves are modular, which can be

stated as follows: Given an elliptic curve E with rational coefficients, it is natural to construct a Dirichlet
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series
an(E)

nS

)

(o]
LEs) = [[ G—ayEp=+p )" ="
p prime n=0

pIN
where N, = p — a,(F) is the number of points of E modulo p, except for a finite primes, those not dividing
the conductor N. The conjecture is that there is a modular form of weight 2 for the congruence subgroup

To(N) = {(fdb) € SL(2,Z): ¢c=0 (modN)} given by

0 .
Z an(M)e%mnz ,
n=1

where a,(E) = a,(M) for all primes p [N.

Given the above results, it is interesting that, at first, there was some difficulty in accepting modular forms,
as is described by Atle Selberg [72]:

Littlewood and Hardy were primarily working with hard analysis and they did not have a
strong feeling for modular forms and such things; the generating function for the partition is
essentially a modular form, particularly if one puts the extra factor z=/24 to the power series.
This must have been something that came quite naturally to Ramanujan from the beginning.
But to Littlewood, in this review, it seems as if it was an afterthought by a particular stroke of

genius that happened later in the development. I find this completely misleading. ..

Here, Selberg is referring to the partition function identity

S 1 00
_ n
L[ll_xn ;pnx

where the left hand side is seen to be 1/1(z), except for the factor z—1/24.

13.7 Non—holomorphic modular forms

Non—holomorphic modular forms were first introduced by Maass but the treatment which follows is due to
A. Selberg [71]. As was alluded to above, there is an analogy with classical harmonic analysis in which one

2 . .
45, ie., sin Az and cos Az will be

analyzes functions on the circle R/Z using the Laplacian operator A =
eigenfunctions of A for a discrete set of A.
Thus, one again looks at functions on the upper half plane which satisfy a transformation law under a

congruence subgroup G C SL(2,Z):

Definition. A non-holomorphic modular form of weight r and multiplier system x is a function f(z) on H

satisfying

i) f(g2) = x(9) <|Z i §|

(i) [ 1R <.

G\H

>Tf(2), e,

(iii") f(2) is a cusp form if it approaches zero at the cusp.
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The first condition is simply a normalization of the functional equation of the previous section. In other
words, if F(z) satisfies F(g9z) = x(g9)(cz + d)"F(z), then the identity (15) implies that f(z) = y*/2F(2)
satisfies condition (i) above.

The second condition shows that these modular forms form a Hilbert space L?(G\H, x,r) under the

)= [ [l

G\H

Petersson inner product

In order to understand this space, one decomposes it using the Laplacian operator

o 02 0
A=y | =5+ | —iry —,
r=Y (8:102 oy? Yoz
which is seen to preserve condition (i'), i.e., it is invariant under the action of G. One now looks at

eigenfunctions and eigenvalues of this operator
Aru(z) + Au(z) =0.

Since A, has a self adjoint extension to L?(G\H,x,r), its spectrum is real and one has a sequence of
eigenvalues going to infinity, with only a finite set of negative eigenvalues which correspond to holomorphic
modular forms if r is an even integer. The non negative eigenvalues are simple except that the case A =1/4
could have multiplicity 2.

According to Selberg’s notation, one writes an eigenvalue as A = s(1—s), with Re (s) > 1/2. It follows that
there a finite number of exceptional eigenvalues for which A < 1/4. An exceptional eigenvalue corresponds

to s > 1/2, while the other eigenvalues have Re (s) = 1/2 (in analogy with the Riemann hypothesis).

Remark. Selberg conjectured that there are no exceptional eigenvalues for x = 1 and weight zero for
congruence subgroups (this can be considered a case of the Ramanujan—Petersson conjecture [69]). Selberg
[71] showed that A > 3/16 for congruence subgroups and this was recently improved by Luo, Rudnick, and
Sarnak [56] to A > 21/100.

For each exceptional eigenvalue );, one considers the corresponding eigenfunction u;(z) normalized so
that (uj,u;) = 1. As with holomorphic modular forms, the transformation law yields a Fourier development,
though the z and y terms no longer coincide to give an exponential. Thus, one uses separation of variables

to get

uj(z) = pj(0)'*re72mOT 4 Z i ()W /2)sign (n—a) Ja,s; 12 (40 — aly/q)e*™ =)=/
n#0
o . . (1n lqy _ _—27ia : . 1
where ¢ = min {n >0: (o 1) € G}, X(o 1) =e with 0 < a < 1, and the p;(n) are the Fourier
coefficients of the modular form (p;(0) = 0, except possibly when o = 0). Note that Wg ,(y) is the
Whittaker function which decays exponentialy in y as y — oo and satisfies the O.D.E.

d*W 1 3, 1—u
dy2+<_4+y+ y2 W—O
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13.8 Generalized Kloosterman sums

Using the notation of the previous section, one can now define the generalized Kloosterman sum

S(m,n,c,x,G) = Z x(g) e2rilm=ajat(n=a)d)/(ge)

0<a<qc
0<d<qc

g=(¢5)ec
and give the estimate for sums of Kloosterman sums

(16) 3o SmnexG) Sy, 6)

C
c< N 1/2<s;<1

26‘]‘7

1
Nﬁ/SJrE
S O,

where 3 is the best constant that one can put in the estimate
S(m,n,c,x,G) = O(’*e),

and the sum is over exceptional eigenvalues, with

P _ @ pi(m)p;(n)(7*(m — a)(n — a)/q?)' "5 T(s; +1/2)T'(2s; — 1)
(17) TJ( 1, X, G) = (—i)r Wr(sj — 7‘/2) :

This formulation of the Kuznetsov trace formula is due to Goldfeld and Sarnak [32]. In particular, one can
read off the Kuznetsov estimate for sums of ordinary Kloosterman sums as follows. In the case of SL(2,R),
there are no exceptional eigenvalues, as was proved by Selberg (see [69] for a simple proof) so the sum is
empty. Moreover, the Weil bound (12) says that one can put § = 1/2, which gives the result.

In the application to Dedekind sums, one will use almost every aspect of the definition of generalized
Kloosterman sums, except that G = SL(2,R) so that ¢ = 1 in this case. In particular, the application will
actually use the fact that there will be an exceptional eigenfunction, so that an asymptotic formula for sums
of Kloosterman sums will be obtained. This appears to be the only case in which an asymptotic formula for
such sums is required (as opposed to a simple upper bound).

The formula of Goldfeld and Sarnak is proved following ideas of Selberg. The heart of the proof is that

the series

S(m,n,c,x,G
me(S) — Z ( X )

2s
c>0 ¢
determines the analytic character of the inner product of two generalized Poincaré series. The non—

holomorphic Poincaré series is defined by analogy with the holomorphic case as
e27ri(m—a)gz/q

(18) P(z,8,%x G) = Z o o)

gEG\G

(Imgz)*,

where j(g,2,x) = x(9)((cz + d)/|cz + d|)", so Pn(z,x,x,G) satisfies the transformation law (i"). If m > 0,

then P, (z,s,x, G) is square integrable, and one has a similar formula for its inner product

(P, 5,0,%, G, u5) = q 3 (m) (“(””;‘0‘)) TG +IS‘J(S_12*5£§ —55)

Thus, taking an inner product with a Poincaré series picks out the mth Fourier coefficient of a non—

holomorphic modular form.
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The other important point is that Poincaré series also satisfy an identity with respect to the Laplacian

m —

ApP(2,8,x,G) + s(1 — 8)Pn(z,8,x,G) = —4n @ P,(z,s+1,xG),

as can be seen by applying the (invariant) Laplacian to every term in the sum (18). From this, Selberg
concluded that P,,(z, s, x, G) has a meromorphic continuation to Re (s) > 1/2 with at most a finite number
of simple poles at the points s = s;, 1/2 < s; < 1, corresponding to the exceptional eigenvalues.

One now takes the inner product of two Poincaré series P,, and P,, and this will be, in some sense,

“universal” for pairs of Fourier coefficients. A computation [32] yields

-2
(P(,8,%,G), Pu(-,54+2,x,G)) = (—i) 4~ 51—t (" ; O‘) e r/l;()Qlf(j_l)r/Q 9 Zmn(8)+ R(s),

where R(s) is holomorphic for Re(s) > 1/2. Since the terms on the right hand side are meromorphic for
Re(s) > 1/2, it follows that Z,, ,(s) will also have poles at the s;’s. Moreover, rates of growth for Z,, ,, (c+it)
can be estimated [32], and the residues at the poles s; can be evaluated, so standard methods of number
theory, e.g., as in the proof of the prime number theorem [15], can be applied to give the asymptotic formula

for partial sums of the coefficients of Z,, ,(s), i.e., equation (16).

13.9 Outline of proof

In order to prove our result, we look at the special case when G = SL(2,Z), the weight r is a positive real

number < 1, and Y, is the character corresponding to the transformation law of the Dedekind—n function

Xr (9) _ eQ-rrir'i)(g) ,

with ®(g) defined as in (9). The transformation law of the logarithm of 7n(z) given by (8) shows that
y"/?n?"(2) is a non-holomorphic modular form of weight r for SL(2,Z) with multiplier system x, and with

g =1, a, = {—r/12}. The relationship with Kloosterman sums comes from a simple identity proved in [80]

e ST @il — §(11 ¢y, SL(2,2)),

0<d<c
GCD (d,c)=1

when 0 < r < 1. One can therefore rewrite

Z p2mirs(de) _ ,—imr/2 Z S(1,1,¢,xr, SL(2,2)) .

0<d<c<N 0<c<N
GCD (d,c)=1

The right hand side is a sum of Kloosterman sums which can be estimated using the formula Goldfeld and
Sarnak (one uses partial summation to remove the 1/¢ term in (16) changing the denominator on the RHS
of (16) from 2s; — 1 to 2s;). In order to do this, one must know all the exceptional eigenvalues for weight
r and multiplier systems x, for SL(2,Z). In fact, this was already done by R. Bruggeman [7] who showed
that for 0 < r < 1, (r/2)(1 —r/2) is the only exceptional eigenvalue. Moreover, a simple computation shows
that this eigenvalue corresponds to y™/21?"(z). In order to make an explicit computation of the 7;, one takes

the normalized eigenfunction

r/2,,2r
Y n (Z) // T 4rd$dy
=T here A, = —=.
u(z) = LLE L whee vin)
SL(2,Z)\H
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It follows [82] that

u(z) = 3 pln) (dm(n — )/ g 22t en)r

n=1

where p(1) = 1/(v/A; (47(1 — ,))"/2).
Substituting these values into (16) with 8 = 1 (the trivial bound) yields

2mirs(d,c) _ (1/4)r N2-T 9] N4/3+5
> e Ay VoW,
0<d<c<N
GCD (d,c)=1

To get the final result (11), one now puts r = t/(2mw log N). This substitution gives

2
o eitelde)/loaN T L e 3"\; +0< ! ) .
0<d<c<N 3 AO i IOgN
GCD (d,c)=1

The result now follows by the computation

dedy m
Ag = =—.
’ // v 3

SL(2,Z)\H

Remark. In the proof, the weight r always tends to zero, as ¢ is fixed and r = ¢/(2nlog N) — 0. It is
also interesting to note that 1/(27) appears naturally in the limiting distribution of Dedekind sums, as it
represents the discrepancy between the 27 appearing from the multiplier system x,.(g) = €279 arising from

modular forms (harmonic analysis) and the exponential sum arising from Lévy’s formula.
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